Exact Solution of Photon Equation in Stationary Godel-type and 

Godel Space-Times 

Ali Havare, Taylan Yetkin 

Department of Physics, Mersin University, 33342, Mersin-Turkey 

(February 7, 2008) 



1 



Typeset using REVTpjX 



Abstract 



In this work the photon equation (massless Duffin-Kemmer-Petiau equation) 
is written expilicitly for the general type of stationary Godel space-times and 
is solved exactly for the Godel- type and the Godel space-times. Harmonic os- 
cillator behaviour of the solutions is discussed and energy spectrum of photon 
is obtained. 
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I. INTRODUCTION 

The relativistic particles satisfying wave equations in cosmological backgrounds are con- 
sidered to analyze quantum effects in curved space-times. For this purpose single particle 
states are studied in detail and also some restrictions on solutions are examined to obtain 
behavior of the particles. In the atomic scale relativistic wave equations which conformed 
to general relativity may not be important because of the weakness of gravitational effects. 
On the contrary for many astrophysical situations one has to take into account gravitational 
effects due to it's dominant role; for example particle creation by black holes. 

The most studied relativistic equations are Klein-Gordon and Dirac equations describing 
spin zero and spin one-half particles respectively. These equations are considered mostly in 
the expanding universes which are members of Friedmann cosmological models. Other 
type of universes are so-called Godel and Godel-type space-times where they have a global 
rotation in all point of the space. Theoretical works of Gamow [|7| and Godel [[§], and some 
other evidences of rotation are directed us to study the behavior of electromagnetic 

fields |T2|-[To| and spinning particles in curved rotating backgrounds. The line-elements of 



the Godel space-time 

ds 2 = -(dt + e ar d6) 2 + dr 2 + \e ar d6) 2 + dz 2 , (1) 

and the Godel-type space-time 

ds 2 = -{dt + mdO) 2 + dr 2 + (I + m 2 )d6 2 + dz 2 (2) 



are studied for Klein-Gordon and Weyl equations [|16| |19|1 ■ The functions m and I in the 
Godel-type line-element are only functions of r and they satisfy following two independent 



conditions 15 



D = (l + m 2 ^j ^ = Ai exp(ar) + A 2 exp(— ar), (3) 



1 dm 
D~dr~ 



C 



(4) 



or 



2 



(5) 



where Ax,A2,A and C are arbitrary constants. Second condition gives the singular ho- 
mogeneous Godel-type solution, but it can not be obtained from the first condition. As a 
particular choice of the first condition one takes a = 0, then 



D = const. 



(6) 



If we choose Ax = l/y/2 and A 2 = 0, then D = (l/\/2) exp(ar). This gives m = 
(C/v2a) exp(ar) (with a constant of integration equal to zero) and if we take C = —ay/2, 
then m = exp(ar) and I = (—1/2) exp(2ar), that gives Godel solution (with C < 0) 0. 

Although there are some works concerning with the electromagnetic fields in these space- 
times there is not any attempt to find exact solution of the quanta of electromagnetic field, 
i.e. photon. The photon is a massless spin-one particle and it obeys massless case of Duffin- 
Kemmer-Petiau (DKP) equation which can be formed as 



iP {a) dr a) + m 



* = 



(7) 



where (3^ = 7 <a )£g>I+I<S>7^ a - ) . This 16 x 16 matrix equation is in Minkowski frame and it 
must be conformed to general relativity to find out quantum effects in curved backgrounds. 



In the studies of Unal ]20| and Lunardi et al. it has been shown that the covariant form 
of DKP equation is given by 



{i^V^ + m)^ = 



(8) 



where f3^{x) = 7^(2) £*T + I <S>7 M (o;) are the Kemmer matrices in curved space-time and they 
are related to flat Minkowski space-time as 



= el/' 



a) 



with a tetrad frame that satisfies 



c /x c v >l[a)(p)- 



The covariant derivative in Eq.(|) is 

with spinorial connections which can be written as 



r» ® 1 + 1 <g> r 



where 



1 r 



7 (0^(*) 



e?«e 



(9) 



(10) 



(11) 



(12) 



(13) 



In the massless limit of DKP equation the particle-antiparticle are identical and hence mass 
eigenvalue is zero. Therefore, DKP equation reduces to 4 x 4 massless DKP equation as 

follow pg 
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FVfl = 0, 



(14) 



where /3 M are now 

P»(x) = a"{x) ® I + I ® <7"(z) (15) 

with (T M (x) = (I, 7f(x)) and 

V„ = <9 M + £ M , (16) 
where spinorial connections S M are given with the limit 7 M — * as 

=iim r M ® i + 1 ® r M . (17) 

In this paper we study solution of the photon equation (0) in a singular homogeneous 
stationary Godel-type and a stationary Godel universes. In Section II we write down four 
coupled equations for the general stationary Godel-type universes and then solved for sin- 
gular homogeneous Godel-type universe. In Section III the equations obtained in Section II 
is considered for Godel universe and solved. In Section IV both results are discussed and 
quantum mechanical oscillatory regions are found. Finally energy spectrums are obtained. 



II. SOLUTION OF PHOTON EQUATION FOR THE GODEL-TYPE UNIVERSE 



For the line-element given Eq. (fj) it must be introduced tetrads with a suitable selection. 
For the simplicity we can choose 



e (0) ~~ °0 > e (l) — °1 ■> e (3) ~~ °3 > e (2) — jj \°2 mo , 
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where x° = t,x l = r, x 2 = 8, x 3 = z 

The curved Dirac matrices which satisfy 

= 2<r 

are given by (^(x) = e^7^) 



The spinorial connections are 



m 



m 



0^2 



m 



AD 



AD 



mm' + I' 
AD ' 



(18) 



(19) 



(20) 



(21) 



where prime indicates derivative with respect to r. Using Eq. flTIl) and Eq.(|i~5|) and Jauch 
and Rohrlich |23| representation of Dirac matrices we obtain the photon equation as 



m 



-2i(I® I) - —(a 2 (g)l + l(g)a 2 ) 



d t + (a 1 ® I + I <g> B l )d r + ^(a 2 <g> I + I ® o 2 )d e 



A 



+ (a 3 ® I + I <g> a 3 ) [ d *-2j)J + ^(^ 2 ®I + I®^ 2 )(^ 3 ® I + I®a 3 ) 



im r 



4L> 



(a 1 ® I + I ® a 1 )^ 2 ® I + I ® a 2 ) - (a 2 ® I + I ® a 2 )^ 1 ® I + I ® a 1 ) 



* = 0. 



To obtain stationary solutions it is used a function as follows 

* = exp [-i(ut + k 2 9 + k 3 z)} 



(22) 



(23) 



hence Eg. (|22|) gives four coupled differential equations in terms of the components of the 
spinor as 



d r ($B + $c) + ^(mw - k 2 )(® B + &c) - 2(u + ik 3 )<$> A = 0, 



(24) 



D'\ 1 
<9 r - — J ($a + &d) ~ -jj(muj - k 2 )($ A - $d) - 2cu$ B = 0, 



(25) 



D'\ 1 

<9 r - — I ($ A + &d) ~ p(muj - k 2 ) ($ A - $ D ) - 2^$ c = 0, 



(26) 



a r ($ B + $ c ) - ^(mw - fc 2 )($B + $c) - 2(w - zfc 3 )$A = 0. 



(27) 



From Eq.([25|) and Eq.(^) $_b = $c- Up to now we have not used an explicit form of m(r) 
and l(r). Hence, different choices of m and I lead us to different rotating models. 

For the Eq.fl5|) we have that m = mo + CAr 2 /2 and this is the singular homogeneous 
Godel-type universe and Eqs. (|24"l) -([2~7|) reduces to 



[d r + -(u + f3r 2 )]<5> B --<5> A = 0, 
r a 



(28) 



d r - -) (Q A + $ D ) - -{u + [3r 2 )(<S> A - 
r J r 



(29) 



where 



CO 



[«9 r --(^ + /3r 2 )]$ B -^$ D = 0, 
r a* 



m Q uj k 2 C 



A A 11 2 



(3 = —,a = (lu + ik 3 ) 1 . 



(30) 



(31) 
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Eliminating $^ and $d from Eq.(p8|) and Eq. (|30|) we obtain following second order differ- 
ential equation for as 

d?$ B - + (-^ -E- (3 2 r 2 ^j $ B = 0, (32) 

where 



2 , , .. ■■> 2\/2ik 3 uj 



E = uC + u 2 + k 2 ,H = u 2 • ( 33 ) 

Introducing a variable as u = f3r 2 it is found that 

4u 2 d 2 u <S> B + (-u 2 -H-ju\$ B = 0, (34) 

where if it is used for constants H = 4A 2 — 1 and 4k = —E//3, one can be obtained well-known 
Whittaker differential equation has solution 



$ B (u) = BiW^iu) + B 2 M K>x (u). (35) 



III. SOLUTION OF PHOTON EQUATION FOR THE GODEL UNIVERSE 

As was mentioned before the Godel space-time can be obtained from the Godel-type 
space-time by taking m = exp(ar) and / = (—1/2) exp(2ar) in Eq.(fJ). So it is sufficient to 
introduce these values of m and I in Eqs.(p4])- (|27|) to obtain solution of photon equation for 
the Godel space-time. Then we obtain following coupled equations 

d r $ B + V2(uj-k 2 e- ar )<S>B--®A = 0, (36) 

a 

(d r - a)($ A + $ D ) - V2(u - k 2 e- ar )($ A - <f> D ) - 2lu$ b = 0, (37) 

d r <$>B ~ V2{u - k 2 e- ar )<$> B ~ = 0, (38) 

a* 

where again = $c- Substituting Eq.(p6|) and Eq.(|38|) in Eq.([37]) it is found second order 
differential equation as follows 

d 2 <S> B + (-2k 2 2 e~ 2ar + Ae~ ar -B)<$> b = 0, (39) 

where 

A = Auo - l2 ^ ah \ B = 3u 2 + kj- iy/2k 3 a. (40) 

If variable is changed as u = ^ k2 ^ and a function = u~ l gB is used, the following 
Whittaker differential equation is obtained 
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Au 2 dlg B + [-u 2 + Aau - (4p 2 - l)]g B = 0. (41) 
The solution of the Eq.(f|l]) can be written as 

g B (u) = + C 2 M a , p (u) (42) 

with 

V2A 2 B 1 

4 "=— ' =4? + 4' < 43) 

IV. EXACT SOLUTIONS 



The solutions Eq.(|35])and Eq.(f42|) can be written in terms of the confluent hypergeometric 
functions U and M using 

W a ^(x) = e -/V +1 / 2 [/(~ + £ - a, 1 + 2£; x), (44) 

M aA {u) = e-^x^M^ + ^- a ,l + 2^x), (45) 
so exact solution of photon equation for the singular homogeneous Godel-type universe is 
q B = e - ! (,t +M+ % 2 ) e -(f )( ^ ) A + i/ 2[Bi[/( l + A — k, 1 + 2A; —^-) 

+ S a M(- + A-K,l + 2A;— )]. (46) 
Similarly solution of the photon equation for the Godel universe is 



x [(7^(1 + p - a, 1 + 2p; + C 2 M(i + p - a, 1 + 2p; (47) 

From the condition on Whittaker functions that must be bounded for all values of variable 
we find energy spectrum for both space-times as follows 

- + \- K = - nit (48) 

- + p - a = -n 2 . (49) 



where n\ and n 2 are positive integers or zero. The explicit forms of Eqs. (|48|) and ( f!9|) are 



UJ 2 k\ UJ /- , U 1 

n x = ±- =f \ O 2 - 2V2tk 3 - + 1 - -, 

2C 2C 2 V uj 2' 



(50) 



\/2uj 1 / " ~ ; ~ ik 3 1 

n 2 = =F -^-youj 2 + k 3 - ia\J2k 3 + a 2 -. 

a 2a uj 2 



(51) 



One can show that solutions (|4q) and fl47|) are oscillatory in behavior only regions (for 
detail Ref. fT2|) 



--{uj 2 + uC + kl) - \2{^ + uC + k 2 ) - — + J2^L <u< 
2 V 2 uj 



uj 2 C r-.k^ujC 



uj 2 + tiC + kl) + \I2(uj 2 + uC + kl) - — + V2i- 



UJ 



(52) 



iak-i 



UJ 



V2uj \ 



iak 3 



3uj 2 k\ iak 3 



iak 3 
uj — + 



iak 



—= — h. w 7= 

V2uj \ V2i 



UJ 



kl 

2 2 + \/2 



(53) 



V. RESULTS AND DISCUSSIONS 



We have analyzed the photon equation in the background of stationary Godel-type and 
the Godel universes. The method of separation of variables is used because of the simple 
symmetry of the Godel universes. The energy spectrum of particle and oscillatory character 
of solutions were found. 

The results obtained can be used to study quantum field theory in curved rotating space- 
times. Also it is necessary to quantize obtained wave functions to discuss pair creation and 
annihilation. In addition, these results can be compared with earlier results of electromag- 
netic fields in Godel space-times and calculate quantum corrections on these results. The 
effects of rotation on propagation and helicity of electromagnetic fields can be obtained by 
using the wave functions found in the Section II and Section III. 
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